Abstract. An open problem posed by G. Ladas is to investigate the difference equation
Introduction
We call (1.3) the reciprocal difference equation with maximum, since it is a natural generalization of the simple reciprocal equation
which we obtain from (1.3) when A q is the only nonzero coefficient. Observe that each term of the sequence x n defined by (1.3) satisfies (1.4) for some q. However, q depends on the previous terms x n−1 , . . . , x n−p . So (1.3) works as a switch, similar to the famous Collatz (3x + 1) problem [2] . Based on computer experiments, the positive solutions of (1.3) seemed to be eventually periodic of some period T . That is, x n+T = x n for every n ≥ n 0 , where T and n 0 may depend on the coefficients In the case p = 2, this conjecture was confirmed in [4] . When p = 3, this conjecture was confirmed in [5] , in the particular case when A 2 = 0. More precisely, it has been proved that every positive solution of the equation
is eventually periodic of period T , where T = 2 provided A 1 ≥ A 3 and T = 6 provided A 1 < A 3 . Observe that this result also solves Open Problem 1 in the special case when C = 0. Recently, Conjecture 1 was confirmed in [6] in the more general case when p is arbitrary and when (1.3) has at most two nonzero coefficients. Clearly, this result solves Open Problem 1 in the special case when ABC = 0.
In this paper we solve Open Problem 1 in the remaining case ABC > 0. We also confirm Conjecture 1 in the special case when (1.3) reduces to (1.1). To the best of our knowledge, this is the first nontrivial result about (1.3) when there are more than two positive coefficients.
Our method of proof employs the fact that (1.1) and (1.2) are dynamically equivalent (by the substitution y n = x n x n−1 ) and reduces the case ABC > 0 to the case ABC = 0, which has been solved in [6] . We believe that the results which we present here might yield insight into the study of the general equation (1.3) and possibly lead to a proof of Conjecture 1 (by induction) in the general case which remains open.
Main result and some discussions
Recall that a sequence {x n } is said to be eventually periodic of period T if an only if it eventually becomes periodic of period T , that is, there exists an integer n 0 such that
The minimal number t which may be a period of any eventually periodic sequence x n is called the prime period of {x n }. Let A, B, C be any nonnegative real numbers, A + B + C > 0 and define the integer T as follows:
Our main result is the following theorem. Clearly, for some initial values, the solution x n of (1.1) may be eventually periodic of a prime period t, such that t < T and t is a factor of T . A trivial example is the equilibrium
which is periodic of prime period t = 1, and, hence, it is periodic of any period T ≥ 1.
As we indicated in the Introduction, in the special case when ABC = 0, the proof of Theorem 2.1 follows from the results recently established in [6] . These results concern the following difference equation:
, n = 0, 1, . . . , and they are summarized in the following theorem.
Theorem 2.2 ([6]). Let k, m be any positive integers with k < m. Let P, Q be any positive real numbers and let T be defined as follows:
when P < Q, m + k when P = Q, m = 3k.
Then the following statements are true:
(i) There exists prime period T solutions of (2.2).
(ii) Every positive solution of (2.2) is eventually periodic of (not necessarily prime) period T .
The proof of Theorem 2.1, in the remaining case ABC > 0, will be presented in the next section.
The following substitution (2.3)
x n x n−1 = y n suggested by G. Ladas, transforms (1.1) into (1.2). This observation is essential for our proof, and for the reader's convenience, we give its precise statement in the following lemma. Before we proceed with the proof of Theorem 2.1, it will be convenient to show that we may assume 
Proof of Theorem 2.1
In this section we will assume without loss of generality that max{A, B, C} = 1. We will also need the following lemma. 
2). Then for every n ≥ 0 be following inequalities hold:
A ≤ y n , (3.1)
Proof. The inequalities (3.1), (3.2), and (3.3) follow immediately from (1.2), since y n > 0 for all n ≥ −4. Then, for every n ≥ 2, (1.2) implies
and (3.4) follows by (3.1) and (3.2). For every n ≥ 4, (1.2) and inequalities (3.1) and (3.2) yield
Therefore, for every n ≥ 5, by (1.2), (3.4), and (3.6) we obtain
which implies (3.5) since max{A, B, C} = 1. The proof is complete.
Proof of Theorem 2.1. With no loss of generality we assume that max{A, B, C} = 1.
(i) When T = 2, the result follows from the fact that the sequence {x n }, defined by x 2n = a, x 2n−1 = 1 a for n ≥ −2, a > 0, is a prime period two solution of (1.1).
When T = 8, we have B = C = 1 > A, and it is easy to see that the sequence {x n }, defined by x 8s = A, x 8s−3 = x 8s−5 = 1 A for every s ≥ 0 and x n = 1 otherwise, is a prime period 8 solution of (1.1).
Let T = 10. Then C = 1 > max{A, B} = F and similarly the sequence {x n } defined by x 10s = F , x 10s−5 = 1 F for every s ≥ 0 and x n = 1 otherwise, is a prime period 10 solution of (1.1).
Let T = 6. Then two different classes are possible. When B = 1 > max{A, C} = F , we define {x n } by x 6s = F , x 6s−3 = 1 F for s ≥ 0 and x n = 1 otherwise. When A = C = 1 > B, then we define {x n } by x 6s = B, x 6s−1 = x 6s−5 = 1 B for every s ≥ 0 and x n = 1 otherwise. In both cases, {x n } is a prime period 6 solution of (1.1).
(ii) When ABC = 0 the proof follows by Theorem 2.2. So we may assume that ABC > 0 and max{A, B, C} = 1. Let {x n } ∞ n=−5 be a positive solution of (1.1). Lemma 2.1 implies that the sequence {y n } ∞ n=−4 , defined by y n = x n x n−1 , satisfies (1.2). Let T be the positive integer defined by (2.1). In each of the following five exhaustive cases, we will prove that x n is eventually periodic of period T .
Case A = B = C = 1. In this case, by Lemma 3.1 we have x n x n−1 = y n = 1 for every n ≥ 5 and the result follows, since T = 2.
Case A = 1 > BC. In this case, by Lemma 3.1 we obtain
Therefore, for every n ≥ 3, (1.2) implies
which yields
for n ≥ 3.
Then, by Theorem 2.2, x n is eventually periodic of period T , where T = 2 provided C < 1 and T = 6 provided C = 1. Case B = 1 > A. In this case, Lemma 3.1 implies
for every n ≥ 8, and by (1.2) we obtain y n = max y n−1 y n−2 , Cy n−1 y n−3 y n−2 y n−4 .
Therefore, for every n ≥ 8, we have Then, by (1.2) we obtain y n = max A, y n−1 y n−3 y n−2 y n−4 and
for every n ≥ 9.
Hence, by Theorem 2.2, the proof is complete.
